We derive the magnitude of fluctuations in total synchrotron intensity in the Milky Way and M33, from both observations and theory under various assumption about the relation between cosmic rays and interstellar magnetic fields. Given the relative magnitude of the fluctuations in the Galactic magnetic field (the ratio of the rms fluctuations to the mean magnetic field strength) suggested by Faraday rotation and synchrotron polarization, the observations are inconsistent with local energy equipartition between cosmic rays and magnetic fields. Our analysis of relative synchrotron intensity fluctuations indicates that the distribution of cosmic rays is nearly uniform at the scales of the order of and exceeding 100 pc, in contrast to strong fluctuations in the interstellar magnetic field at those scales. A conservative upper limit on the ratio of the the fluctuation magnitude in the cosmic ray number density to its mean value is 0.2-0.4 at scales of order 100 pc. Our results are consistent with a mild anticorrelation between cosmic-ray and magnetic energy densities at these scales, in both the Milky Way and M33. Energy equipartition between cosmic rays and magnetic fields may still hold, but at scales exceeding 1 kpc. Therefore, we suggest that equipartition estimates be applied to the observed synchrotron intensity smoothed to a linear scale of kiloparsec order (in spiral galaxies) to obtain the cosmic ray distribution and a large-scale magnetic field. Then the resulting cosmic ray distribution can be used to derive the fluctuating magnetic field strength from the data at the original resolution. The resulting random magnetic field is likely to be significantly stronger than existing estimates.
as spiral galaxies (e.g., Beck 2007; Chyży 2008; Tabatabaei et al. 2008; Fletcher et al. 2011) . Another important application of the equipartition hypothesis, first suggested by Parker (1966 Parker ( , 1969 Parker ( , 1979 , is to the hydrostatic equilibrium of the interstellar gas. Here magnetic and cosmic ray pressures are assumed to be in a constant ratio, in practice taken to be unity. This application appeals to equipartition (or, more precisely, pressure equality) at larger scales of the order of kiloparsec. The spatial relation between fluctuations in magnetic field and cosmic rays is crucial for a proposed method to measure magnetic helicity in the ISM (Oppermann et al. 2011; Volegova & Stepanov 2010) .
The physical basis of the equipartition assumption remains elusive. Since cosmic rays are confined within a radio source by magnetic fields, it seems natural to expect that the two energy densities are somehow related: if the magnetic field energy density ǫB is smaller than that of the cosmic rays, ǫcr, the cosmic rays would be able to 'break through' the magnetic field and escape; whereas a larger magnetic energy density would result in the accumulation of cosmic rays. Thus, the system is likely to be self-regulated to energy equipartition, ǫB ≈ ǫcr. A slightly different version of these arguments refers to the equality of the two pressures, 1 giving ǫB ≈ 1 3 ǫcr. However plausible one finds these arguments, it is difficult to substantiate them. In particular, models of cosmic ray confinement suggest that the cosmic ray diffusion tensor depends on the ratio (δB/B0) 2 , where δB is the magnitude of magnetic field fluctuations at a scale equal to the proton gyroradius and B0 is the mean magnetic field (e.g., Berezinskii et al. 1990 ). The magnetic field strength can determine the streaming velocity of cosmic rays via the Alfvén speed, but the theory of cosmic ray propagation and confinement relates ǫcr to the intensity of cosmic ray sources rather than to the local magnetic field strength. Despite their uncertain basis, equipartition arguments remain popular as they provide 'reasonable' estimates of magnetic fields in radio sources, and also because they often offer the only practical way to obtain such estimates.
Equipartition between cosmic rays and magnetic fields can rarely be tested observationally. Chi & Wolfendale (1993) used γ-ray observations of the Magellanic clouds to calculate the energy density of cosmic rays independently of the equipartition assumption. They further calculated magnetic energy density from radio continuum data at a wavelength of about λ12 cm. The resulting magnetic energy density is two orders of magnitude larger than that of cosmic rays, and Chi & Wolfendale (1993) argue that the discrepancy cannot be removed by assuming a proton-to-electron ratio for cosmic rays different from the standard value of 100 (see, however, Pohl 1993). More recently, however, Mao et al. (2012) analysed Fermi Large Area Telescope observations of the LMC (Abdo et al. 2010) and concluded that the equipartition assumption does not appear to be violated.
An independent estimate of magnetic field strength can be obtained for synchrotron sources of high surface brightness (e.g., active galactic nuclei) where the relativistic plasma absorbs an observable lower-frequency part of the radio emission (synchrotron self-absorption). Then the magnetic field strength can be estimated from the frequency, the flux density and the angular size of the synchrotron source at the turnover frequency (Slish 1963; Williams 1963; Scheuer & Williams 1968) . Scott & Readhead (1977) and Readhead (1994) concluded, from low-frequency observations of compact radio sources whose angular size can be determined from interplanetary scintillations, that there is no significant evidence of strong departures from equipartition. In the sources with strong synchrotron self-absorption in their sample, the total energy is within a factor of 10 above the minimum energy. Orienti & Dallacasa (2008) observed, using VLBI, five young, very compact radio sources to suggest that magnetic fields in them are quite close to the equipartition value. Physical conditions in spiral galaxies are quite different from those in compact, active radio sources, and departures from equipartition by a factor of several in terms of magnetic field strength would be quite significant in the context of spiral galaxies.
Here we test the equipartition hypothesis using another approach (see also Stepanov et al. 2009 ). We calculate the relative magnitude of fluctuations in synchrotron intensity using model random magnetic field and cosmic ray distributions with a prescribed degree of cross-correlations. When the results are compared with observations, it becomes clear that local energy equipartition is implausible as it would produce stronger fluctuations of the synchrotron emissivity than are observed. Instead, the observed synchrotron intensity fluctuations suggest weak variations in the cosmic ray number density or an anticorrelation between cosmic rays and magnetic fields, perhaps indicative of pressure equilibrium. We conclude that local energy equipartition is unlikely in spiral galaxies at the integral scale of the fluctuations, of order 100 pc. We discuss the dynamics of cosmic rays to argue in favour of equipartition at larger scales of order 1 kpc, comparable to the scale of the mean magnetic field and to the cosmic-ray diffusion scale.
The paper is organized as follows. In Section 2 we discuss the relative strengths of the mean and fluctuating magnetic field in the Milky Way and M33. In Section 3 we use observational data to estimate the magnitude of synchrotron intensity variations at high galactic latitudes in the Milky Way and in the outer parts of M33. Theoretical models for synchrotron intensity fluctuations, allowing for controlled levels of cross-correlation between the magnetic field and cosmic ray distributions, are developed analytically in Section 4 and numerically in Section 5: readers who are interested only in our results may wish to skip these rather mathematical sections. Section 6 presents an interpretation of the observational data in terms of the theoretical models; here we estimate the cross-correlation coefficient between magnetic and cosmic-ray fluctuations. In Section 7 we briefly discuss cosmic ray propagation models from the viewpoint of relation between the cosmic ray and magnetic field distributions. Our results are discussed in Section 8 and Appendix A contains the details of some of our calculations.
THE MAGNITUDE OF FLUCTUATIONS IN INTERSTELLAR MAGNETIC FIELDS
The ratio of the fluctuating-to-mean synchrotron intensity in the interstellar medium (ISM) is sensitive to the relative distributions of cosmic ray electrons and magnetic fields and hence to the extent that energy equipartition may hold locally: the synchrotron emission will fluctuate strongly if equipartition holds pointwise, i.e., if the number density of cosmic ray electrons is increased where the local magnetic field is stronger. (We assume that cosmic ray elec-trons and heavier relativistic particles are similarly distributed -see Section 8 for the justification.) Interstellar magnetic fields are turbulent, with the ratio of the random magnetic field to its mean component known from observations of Faraday rotation, independently of the equipartition assumption. Denoting the standard deviation of the turbulent magnetic field by σ 2 b = B 2 − B 2 0 and the mean field strength as B0 = |B|, where bar denotes appropriate averaging (usually volume or line-of-sight averaging), the relative fluctuations in magnetic field strength in the Solar vicinity of the Milky Way is estimated as (Ruzmaikin et al. 1988; Ohno & Shibata 1993; Beck et al. 1996) 
Similar estimates result from radio observations of nearby spiral galaxies where the degree of polarization of the integrated emission at 4.8 GHz is a few per cent, with a range p ≃ 0.01-0.18 (Stil et al. 2009 ). These data are affected by beam depolarization, so they only give upper limits for δ 2 b . More typical values of the fractional polarisation in spiral galaxies are p = 0.01-0.05 within spiral arms and 0.1 on average. The degree of polarization at short wavelengths, where Faraday rotation is negligible, can be estimated as (Burn 1966; Sokoloff et al. 1998) 
where B 0⊥ is the strength of the large-scale magnetic field in the sky plane, the intrinsic degree of polarisation p0 ≈ 0.75, and the random magnetic field is assumed to be isotropic, b
in a good agreement with the estimate (1) for the Milky Way data obtained from Faraday rotation measures. For p = 0.05-0.1, we obtain δ 2 b ≃ 10-20. It is important to note that Eq. (3) has been obtained assuming that the cosmic ray number density ncr is uniform, so that all the beam depolarization is attributed solely to the fluctuations in magnetic field. Under local equipartition, ncr ∝ B 2 , Sokoloff et al. (1998, their Eq. (28) ) calculated the degree of polarization at short wavelengths to be
As might be expected, this expression leads to a smaller δ b for a given p/p0 than Eq. (2):
so that
Since local equipartition between cosmic rays and magnetic fields maximizes beam depolarization, this is clearly a lower estimate of δ b .
Anisotropic fluctuations
The above estimates apply to statistically isotropic random magnetic fields. However, the random part of the interstellar magnetic field can be expected to be anisotropic at scales of order 100 pc, e.g., due to shearing by the galactic differential rotation, streaming motions and large-scale compression. Synchrotron emission arising in an anisotropic random magnetic field is polarized (Laing 1980; Sokoloff et al. 1998 ) and the resulting net polarization, from the combined random and mean field, can be either stronger or weaker than in the case of an isotropic random field depending on the sense of anisotropy relative to the orientation of the mean magnetic field. Note that the anisotropy of MHD turbulence resulting from the nature of the spectral energy cascade (Goldreich & Sridhar 1995; Lithwick et al. 2007; Galtier et al. 2000 , and references therein) is important only at much smaller scales. The case of M33 provides a suitable illustration of the refinements required if the anisotropy of the random magnetic field is significant. Tabatabaei et al. (2008, their Table 1 ) obtained integrated fractional polarization of about 0.1 at λ3.6 cm. Using Eq. (3), this yields δ 2 b ≃ 10, whereas Eq. (4) leads to δ 2 b ≃ 4, consistent with their equipartition estimates σ b ≃ 6 µG and B0 ≃ 2.5 µG. However, their analysis of Faraday rotation between λ3.6, 6.2 and 20 cm suggests a weaker regular magnetic field, B0 ≃ 1 µG, leading to δ
The latter estimate for B0 is more reliable since the degree of polarization leads to an underestimated δ b if magnetic field is anisotropic. Sokoloff et al. (1998, their Eq. (19) ) have shown that the degree of polarization at short wavelengths in a partially ordered, anisotropic magnetic field is given by
, where the (x, y)-plane is the plane of the sky with the y-axis aligned with the large-scale magnetic field, i.e., By = B0 and Bx = 0; we further defined δ This approximation is relevant to spiral galaxies where the mean magnetic field is predominantly azimuthal (nearly aligned with the y-axis of the local reference frame used here) and the anisotropy in the random magnetic field is produced by the rotational shear, σ by > σ bx . For δ 2 by ≫ 1, this yields, for p = 0.1,
Thus, a rather weak anisotropy of the random magnetic field can produce p ≃ 0.1 and this allows us to reconcile the different estimates of δ b obtained from the degree of polarization and Faraday rotation in M33. The required anisotropy can readily be produced by the galactic differential rotation. Shearing of an initially isotropic random magnetic field by rotation (directed along the y-axis) leads, within one eddy turnover time, to an increase of its azimuthal component to
where Ω(r) is the angular velocity of the galactic rotation (with the rotational velocity along the local y-direction and r the galactocentric radius) and l and v are the correlation length 2 and r.m.s.
speed of the interstellar turbulence, so that l/v is the lifetime of a turbulent eddy. This leads to
where the last equality is based on the estimate rdΩ/dr ≃ −V0/R0, with V0 = 107 km s −1 and R0 = 8 kpc being the parameters of Brandt's approximation to the rotation curve of M33 (Rogstad et al. 1976 ). With l = 0.1 kpc and v = 10 km s −1 (values typical of spiral galaxies -e.g., Sect. VI.3 in Ruzmaikin et al. 1988) , we obtain α 2 b ≃ 0.8 , in perfect agreement with the degree of anisotropy required by Eq. (5) to explain the observations of Tabatabaei et al. (2008) .
Summary
To conclude, a typical value of the relative strength of the random magnetic field in spiral galaxies is, at least,
This estimate refers to the correlation scale of interstellar turbulence, l ≃ 50-100 pc. The correlation scale will be introduced in Section 4, but here we stress that this estimate refers to the larger scales in the turbulent spectrum. Higher values, δ 2 b ≃ 40 are perhaps more plausible, especially within spiral arms, but our results are not very sensitive to this difference (see Fig. 5 and Section 4). The estimate of δ b in the Milky Way refers to the solar vicinity, i.e., to a region between major spiral arms where the degree of polarization is higher than within the arms and, correspondingly, δ b is larger. Consistent with this, our analysis of the observed synchrotron fluctuations in Section 3 is for high Galactic latitudes and the outer parts of M33 where the influence of the spiral arms is not strong. Overall, 3 δ 2 b 40 appears to be a representative range for spiral galaxies, excluding their central parts.
SYNCHROTRON INTENSITY FLUCTUATIONS DERIVED FROM OBSERVATIONS OF THE MILKY WAY AND M33
In this section we estimate the relative level of synchrotron intensity fluctuations from observations of the Milky Way and the spiral galaxy M33. An ideal data set for this analysis should: (i) resolve the fluctuations at their largest scale, (ii) only include emission from the ISM and not from discrete sources such as AGN and stars, (iii) not be dominated by structures that are large and bright due to their proximity, such as the North Polar Spur, (iv) be free of systematic trends such as arm-interarm variations or vertical stratification. The data should allow the ratio
where σI and I0 are the standard deviation and the mean value of synchrotron intensity in a given region, to be calculated separately in arm and inter-arm regions or at low and high latitudes as I0 differs between these regions. Regarding item (i) above, we note that a turbulent cell of 100 pc in size subtends the angle of about 6
• at a distance of 1 kpc. Furthermore, most useful for our purposes are long wavelengths where the contribution of thermal radio emission is minimal. Unfortunately, ideal data satisfying all these criteria do not exist; we therefore use several radio maps, where each map possesses a few of the desirable properties listed above and collectively they have them all.
The Milky Way maps that we use contain isotropic emission from faint, unresolved extra-galactic sources and the cosmic microwave background. The contribution of the extragalactic sources to the brightness temperature of the total radio emission of the Milky Way is estimated by Lawson et al. (1987) as Te ≃ 50 K(ν/150 MHz) −2.75 , which amounts to about 10 4 K and 3 K at the frequencies ν = 22 MHz and 408 MHz, respectively. The 3 K temperature of the cosmic microwave background should also be taken into account at 408 MHz. For comparison, the respective total values of the radio brightness temperature near the north Galactic pole are about 3 × 10 4 K and 20 K at 22 MHz and 408 MHz, respectively. In our estimates of δI obtained below, we have not subtracted this contribution from I0. Thus, our estimates of δI are conservative, and more realistic values might be about 40% larger at both 22 MHz and 408 MHz. The observations of M33 use a zero level that is set at the edges of the observed area of the sky; since this zero level includes the CMB and unresolved extra-galactic sources δI is unaffected by these components.
The data

The 408 MHz all-sky survey
The survey of Haslam et al. (1982) covers the entire sky at a resolution of 51 ′ (about 50 pc for a distance of 1 kpc) and with an estimated noise level of about 0.67 K. Synchrotron radiation is the dominant contribution to emission at the survey's wavelength of λ74 cm. The brightest structures in the map shown in Fig. 1a are the Galactic plane and several arcs due to nearby objects, especially the North Polar Spur.
We expect that results useful for our purposes arise at the angular scale of about 6
• in all three Milky Way maps (i.e., the angular size of a turbulent cell at a 1 kpc distance), whereas larger scales reflect regular spatial variations of the radio intensity.
The 408 MHz all-sky survey, without discrete sources
La Porta et al. (2008) removed the strongest discrete sources from the data of Haslam et al. (1982) using a two-dimensional Gaussian filter. We compared the results obtained from the original 408 MHz survey with those from this map to show that the effect of point sources on our results is negligible. Roger et al. (1999) produced a map, shown in Fig. 2a , of about 73% of the sky at λ13.6 m, between declinations −28
The 22 MHz part-sky survey
• and +80
• at a resolution of approximately 1 • × 2 • and an estimated noise level of 5 kK. The emission is all synchrotron radiation, but H II regions in the Galactic plane absorb some background emission at this low frequency. However, we are most interested in regions away from the Galactic plane, so our conclusions are not affected by the absorption in the H II regions. The brightest point sources were removed by Roger et al. (1999) as they produced strong sidelobe contamination in the maps: this accounts for the four empty rectangles in Fig. 2a. 
The 1.4 GHz map of M33
The nearby, moderately inclined, spiral galaxy M33 was observed at λ21 cm by Tabatabaei et al. (2007a) , using the VLA and Effelsberg telescopes, at a resolution of 51
′′ , or about 200 pc at the distance to M33 of 840 kpc. The noise level is estimated to be 0.07 mJy/beam. The resolution is sufficient to resolve arm and inter-arm regions, but is at the top end of the expected scale of random fluctuations due to turbulence. The beam area includes a few (nominally, four) correlation cells of the synchrotron intensity fluctuations. The emission is a mixture of thermal and synchrotron radiation. The overall thermal fraction is estimated to be 18% but it is strongly enhanced in large H II regions and spiral arms (Tabatabaei et al. 2007b ) whereas the synchrotron emission comes from the whole disc. The radio map used here is shown in Fig. 3a .
The spiral pattern in notably weak in total synchrotron intensity, so the map appears almost featureless. This makes this galaxy especially well suited for our analysis since we are interested in quasihomogeneous random fluctuations of the radio intensity. Nevertheless, systematic trends are noticeable in this map and we discuss their removal in Section 3.2.3.
Statistical parameters of the synchrotron intensity fluctuations
For the three Milky Way data sets of Sections 3.1.1-3.1.3, we calculated the mean I0 and standard deviation σI of the synchrotron intensity I at each point in the map. In each case, the data were smoothed with a Gaussian of an angular width a, resulting in the local mean intensity at the scale a, which we denote I0a:
where integration extends over the data area, r = (1, l, b) is the position vector on the unit sky sphere, with l and b the Galactic longitude and latitude (confusion with the small-scale magnetic field, denoted here b, should be avoided), θ = arccos(r · r ′ ) is the angular separation between r and r ′ ,
is the averaging area, and the integration extends over the whole area of the sky available in a given survey. The standard deviation σIa of radio intensity at a given position (l, b) at a given scale a is calculated as
a , where angular brackets denote spatial averaging as defined in Eq. (8).
In the case of M33, we selected nine areas which avoid the brightest H II regions and whose radio continuum emission is thus likely to be dominated by synchrotron radiation. Each area encompasses several beams and δI was calculated for each area, using the mean value and the standard deviation of I among all the pixels in the field obtained after removing regular trends (see Section 3.2.3).
The 408 MHz survey
To reduce the influence of the Galactic disc, where the structure in the radio maps is mainly due to systematic arm-interarm variations and localized radio sources such as supernova remnants, the original intensity data were truncated at 52 K (1% of the maximum and 167% of the r.m.s. value of I) : this blanking only affects emission at Galactic latitudes |b| < 20
• . The resulting sky distribution of the relative radio intensity fluctuations σIa/I0a is shown in Fig. 1 for a selection of averaging scales, a = 30
• , 15
• and 7
• (a corresponds to the radius rather than the diameter of the region). While panels (b) and (c) in Fig. 1 reflect mainly systematic trends in radio intensity, we expect that panel (d) is dominated by the turbulent fluctuations. In particular, the a = 7
• map shows a much weaker variation with Galactic latitude than those at larger scales, for |b| 30
• . We note that the corre- Table 1 . Relative radio intensity fluctuations σ I /I 0 in M33 with systematic trends of various orders subtracted. The first column gives the field number as specified in Fig. 3 , and the next three columns show the relative fluctuations of radio intensity, with σ (m) I the standard deviation of I within a given field, obtained with a trend of order m subtracted (the mean value of the trend vanishes across each field): m = 0 corresponds to the original data, m = 1, to a linear trend, and m = 2, to a quadratic trend in the angular coordinates. The last column shows the mean value of the radio intensity in each field. • , the maximum pathlength through the synchrotron layer is about hǫ/ sin b ≃ 6 kpc, where the synchrotron scale height hǫ ≃ 1.8 kpc (Beuermann et al. 1985) . With an angular resolution of about 1
• the linear beamwidth is about 100 pc at most. Give that the correlation length is about lǫ ≃ 50 pc (see Section 6.3) the beam encompasses one synchrotron cell at most.
Contours outside the Galactic disc in Fig. 1d , |b| 30
Results obtained from the 408 MHz map with point sources subtracted differ insignificantly from those obtained using the original map.
The 22 MHz partial sky survey
Contours of the relative intensity fluctuations obtained from the 22 MHz map are shown in Fig. 2 . As in Fig. 1 , averaging over scales a = 30
• and 15
• reveals the large-scale structure clearly visible in the original data. However, results at a = 7
• show much less of such structure, and the statistically homogeneous part of the sky in this panel includes the same contours of 0.1 and 0.2 as in Fig. 1 , with the value of 0.3 confined to the bright ridges seen in Fig. 2a . Thus, the 22 MHz data are in a good agreement with the values for δI obtained from the 408 MHz data. This suggests a weak frequency dependence of the relative synchrotron intensity fluctuations δI .
M33
Our analysis for the Milky Way has a potential difficulty that long lines of sight might make it impossible to separate the contributions to σI from small-scale (random) and large-scale (systematic) variations of the synchrotron emissivity. Therefore, we consider also the nearby galaxy M33 seen nearly face-on (inclination 56
• ). To avoid excessive contribution from large-scale variations due to the spiral pattern and the radial gradient in I, we selected areas free of strong (Roger et al. 1999 ) with the Galactic disc area (I > 10 5 K) blanked out.
star formation in the outer regions of the galaxy disc in Fig. 3 . The areas of the rectangular fields chosen range from 1.9 × 1.2 kpc 2 to 1.9 × 4.7 kpc 2 . The fields are big enough to make gradients in the mean quantities significant; in particular, the non-thermal disc of M33 has a strong radial gradient in radio intensity (Tabatabaei et al. 2007b ), so we subtract regular trends from the values of I. We fitted firstor second-order polynomials to I(l, b) in l and b in each field and calculated δI after subtracting the trends with vanishing mean value from the original data. Results are shown in Table 1 , with σ (m) I denoting the standard deviation of the radio intensity obtained upon Offset from galactic center, arcsecs Offset from galactic center, arcsecs Figure 3 . The 1.4 GHz radio map of M33 (Tabatabaei et al. 2007a) , with the rectangular fields used in our analysis shown. For orientation, we note that the size of Field 3 is 7 ′ × 7 ′ equivalent to 1.6 × 1.9 kpc 2 .
the subtraction of a polynomial of order m in the angular coordinates. The mean value of synchrotron intensity I0 was calculated for each field. We note that σ as expected), so that they can be adopted as an estimate of σI corrected for the large-scale trends. We use the value of σ (2) I /I0 averaged over the nine fields explored as the best estimate for δI .
However, W ≈ 100 pc (half-width at half maximum of the Gaussian beam) in the observations of M33 used here. Assuming the synchrotron correlation length lǫ = 50 pc the beam area encompasses NW ≈ 4 correlation cells. Therefore, to make the M33 results (especially δI ) comparable to those of the Milky Way. we have to reduce them to a common pathlength and number of synchrotron correlation cells within the beam. We recall that the beams at 408 MHz and 22 MHz only cover at most one synchrotron cell (see Section 3.2.1), so we have NW = 1 in the Milky Way. For the small value of NW in the high-resolution observations of M33, the dependence of δI differs significantly from its asymptotic form Figure 4 shows the dependence of δI on NW obtained for a model synchrotron-emitting system described in detail in Section 5: δI only weakly depends on NW for small NW . Reduced to a single line of sight, the synchrotron intensity fluctuations in M33 then correspond to δI = 0.13/0.7 = 0.2 if the synchrotron correlation length is lε = 50 pc (i.e., NW = 4). We also recall that the typical pathlength through the disc of M33 is about twice that through the Milky Way (where the observer is located not far from the midplane), and we adopt L ≈ 1 kpc/ cos(i) ≈ 2 kpc (Tabatabaei et al. 2008 ) for this galaxy. Then the value of δI in M33, reduced to a standard value of L = 1 kpc for compatibil- ity with the Milky Way data, is further √ 2 times larger:
Comparison with earlier results and summary
To date, analysis of synchrotron observations of the Milky Way has focused primarily on the spectrum of the fluctuations while their magnitude has attracted surprisingly little attention. Mills & Slee (1957) observed fluctuations of the Galactic radio background near the Galactic south pole at λ = 3.5 m, with the resolution of 50 • , to obtain σI = 3.3 × 10 −26 W m −2 Hz −1 per beam, which corresponds to δI = 0.12 (see also Getmantsev 1959) . Dagkesamanskii & Shutenkov (1987) used observations at 102.5 MHz (λ2.92 m) near the North Galactic Pole, where the Galactic radio emission is minimum, to determine the synchrotron autocorrelation function and its anisotropy arising from the largescale magnetic field. They obtain δI ≈ 0.07 but note that this estimate should be doubled if the isotropic extragalactic background (half the total flux) is to be subtracted, to yield δI ≃ 0.14. Banday et al. (1991a) argue that only 17% of the total flux is of extragalactic origin, and then δI ≃ 0.08 at 102.5 MHz.
The autocorrelation function of the brightness temperature fluctuations of the Galactic radio background was determined also by Banday et al. (1991a,b) who used observations at 408 and 1420 MHz, smoothed to a resolution of about FWHM = 5
• . They observed a 'quiet' region with reduced fluctuations, 30
• < DEC < 50
• , 180
• , identified by Bridle (1967) as an interarm region, since they were interested in the cosmic microwave background fluctuations. For the Galactic synchrotron radiation, which dominates at these frequencies, they obtain δI ≈ 0.05 at 408 MHz and 0.08 at 1420 MHz.
These estimates are somewhat lower than those obtained above. The value of δI obtained by Banday et al. can be lower due to their selection of a region with weaker synchrotron intensity fluctuations.
The relative fluctuations in radio intensity are remarkably similar in all the Milky Way maps and in all fields in M33 considered, with δI ≈ 0.1-0.3, when reduced to the common pathlength L = 1 kpc (see Section 6.2 for further discussion). The lower values are more plausible. We believe that these estimates are not significantly affected by either large-scale trends in the radio intensity or by discrete radio sources or by thermal emission. Even if these effects still contribute to our estimate, it provides an upper limit on the fluctuations in synchrotron intensity arising in the interstellar medium of the Milky Way and M33.
STATISTICAL ANALYSIS OF SYNCHROTRON INTENSITY FLUCTUATIONS
In order to interpret the results of our analysis of observations in Section 3, we use a model of partially ordered, random distributions of magnetic fields and cosmic rays, assuming various degrees of correlation (or anticorrelation) between them. We calculate the relative magnitude of synchrotron intensity fluctuations δI analytically and numerically and compare the results with the observational constraints described above in order to establish to estimate the degree of correlation or anticorrelation compatible with observations.
In this Section, first we relate fluctuations in synchrotron itensity to the underlying synchrotron emissivity, then we describe a model for defining distributions of magnetic field and cosmic rays with controlled cross-correlation. These magnetic field and cosmic ray distributions allow us to calculate the model synchrotron emissivity, using results derived in Appendix A, and hence the model synchrotron intensity.
Relative fluctuations of synchrotron intensity
Here we estimate the synchrotron intensity I0 = I S averaged over an area S in the plane of the sky and the corresponding standard deviation, σI = I 2 S − I 2 S 1/2 , as a function of the synchrotron emissivity. Angular brackets are used to denote various spatial averages (over an area S, volume V or path length L, as indicated by the corresponding subscript), whereas overbar is used for statistical (ensemble) averages. The former arise naturally from observations and numerical models, whilst analytical calculations usually provide the latter. We assume that the two types of averaging procedure lead to identical results (unlike Gent et al. 2013 ), although we distinguish them formally for the sake of clarity.
Assuming that the synchrotron spectral index is equal to −1 (this simplifies analytical calculations significantly, without noticeable effect on the results -see Section 8 below), the intensity of synchrotron emission at a given position in the sky is given by
where ε is the synchrotron emissivity, ncr is the number density of cosmic ray electrons, B ⊥ is magnetic field in the plane of the sky and integration is carried along the line of sight s over the path length L.
In a random magnetic field and cosmic-ray distribution, the synchrotron emissivity I is also a random variable. We can rewrite Eq. (10) in terms of the path-length average as
where
ε ds is the average synchrotron emissivity along the path length. We neglect a dimensional factor in Eq. (11) and other similar equations; it is unimportant as we always consider relative fluctuations where it cancels. The average synchrotron intensity from the area S in the sky plane is then related to the synchrotron emissivity averaged over the volume of a depth L (the extent of the radio source along the line of sight) and cross-section S:
where lε is the correlation length of the synchrotron emissivity, N = L/(2lε) (≫ 1) is the number of correlation cells of ε along the path length L, and the volume average has been identified with the statistical average to obtain the last equality,
If S is sufficiently large, such an identification applies to the area average as well, but the linear resolution of observations often approaches the size of a turbulent cell in the source; in this case, Eq. (13) is more appropriate. Fluctuations in I arise from variations of both ε and L between different lines of sight. Neglecting the latter, the standard deviation of I follows as
this quantity characterizes the scatter in the synchrotron intensity at different positions across the radio source separated by more than lε to make them statistically independent.
Cosmic ray distribution partially correlated with magnetic field
In this section we introduce a distribution of cosmic rays which has a prescribed cross-correlation coefficient with a given magnetic energy density. Magnetic field is represented as the sum of the mean and random parts, B0 and b, respectively:
, where B 0⊥ and B 0 are the mean field components in the plane of the sky and parallel to the line of sight, respectively. Each Cartesian vectorial component of the random magnetic field b is assumed to be a Gaussian random variable with zero mean value, bi = 0, and to avoid unnecessary complicated calculations, the random magnetic field is assumed to be isotropic,
where i = x, y, z and overbar denotes ensemble averaging.
The number density of cosmic-ray electrons is similarly represented as the sum of a mean n0 ≡ ncr (slowly varying in space) and random n ′ parts,
The cross-correlation coefficient c of ncr and B 2 is defined as
To implement local equipartition between cosmic rays and magnetic field, which corresponds to c = 1, we use a distribution of cosmic rays identical to that of the random part of the magnetic energy density, n ′ = α(B 2 − B 2 ), where α is a coefficient that allows us to control independently the magnitude of the fluctuations in ncr.
To obtain partially correlated distributions of ncr and B 2 , we introduce an auxiliary positive-definite, scalar random field F , uncorrelated with the magnetic energy density:
Our specific choice of B and F is discussed below. Now, we represent the random part of the cosmic-ray number density as
where the coefficients α and β are chosen to obtain
with C the desired value of the cross-correlation coefficient. The first term in Eq. (19) is responsible for the part of the cosmicray distribution fully correlated with magnetic field energy density, whereas the second term reduces the cross-correlation to the desired level. In particular, Eq. (19) ensures that c(B 2 , ncr) = 1 for α = 1, β = 0 (perfect correlation), and c(B 2 , ncr) = 0 for α = 0 (uncorrelated distributions).
Let us find α and β from Eq.
(20). It follows from Eqs (16) and (19) that
given that Eq. (18) implies
For any uncorrelated random variables X and Y , the variance of their sum Z = X + Y is given by σ
Then Eq. (20) yields
eliminate β in Eq. (22), we obtain α = σn σ B 2 C and β = σn σF 1 − C 2 .
Equation (19) then reduces to
where the standard deviation of the cosmic-ray number density σn is an independent parameter that we are free to vary. Our specific model of magnetic field is described in Section 5. However, for the analytical calculations of δI presented in Section 4.3, it is sufficient to know B0 and σB. There is no need to specify F in any more detail as long as F and B 2 (more precisely, B 2 ⊥ ) are uncorrelated. The more detailed model of Section 5 is only required for numerical calculations presented below to verify and refine the analytical results. (24), is for complete correlation of cosmic rays and magnetic fields, C = 1; dashed line is from Eq. (26), i.e., ncr = const; dotted and dash-dotted lines were obtained from Eq. (25) for uncorrelated fluctuations in cosmic rays and magnetic field, C = 0, with δn = 1 and δn = 0.5, respectively. We note that the curves rapidly approach the horizontal asymptote, so that the approximation δ b → ∞ is reasonably accurate for δ b > 1.5-2 as typically found in spiral galaxies.
Synchrotron intensity fluctuations with partially correlated ncr and B
2
Details of the calculations of ε and σε, and then, of the mean value and standard deviation of the synchrotron intensity using Eqs (12) and (14) together with Eq. (23) can be found in Appendix A, with I0 given by Eq. (A2) and σI by Eq. (A3). Here we consider the key special cases. The model developed here allows us to express δI in terms of the following dimensionless parameters: the number of correlation cells along the line of sight N (assuming perfect angular resolution; a finite beam size can be allowed for using additional averaging across the beam as in the end of Section 3.2.3), the cross-correlation coefficient between cosmic rays and magnetic field C, the relative magnitude of the magnetic field fluctuations δ b , and the relative magnitude of fluctuations in cosmic ray number density, δn = σn n0 .
In the case of detailed (local, or pointwise) equipartition between cosmic rays and magnetic fields, ncr ∝ B 2 , C = 1 and δn = σ B 2 /B 2 (Eq. (A4)) so the relative fluctuations in the synchrotron intensity follow as
We recall that δ b = σ b /B0 and note that all such analytical results are valid only for N ≫ 1. As δ b increases, δI rapidly approaches the asymptotic value independent of δ b (see Fig. 5 ):
It is useful to note similar expressions for δI obtained under different assumptions about the correlation between cosmic rays and magnetic field. If cosmic ray fluctuations are uncorrelated with those in magnetic field, Eqs. (A2) and (A3) yield for C = 0
In particular, for δn → 0 we obtain an asymptotic form for a ho-mogeneous distribution of cosmic rays:
Thus, δI ≃ N −1/2 for δ 2 b ≫ 1 and ncr = const. Figure 5 shows the dependence of δI on δ b from Eqs (24), (25) and (26).
It is convenient to summarize these results by providing the corresponding values of a quantity independent of the number of correlation cells along the path length, N 1/2 δI , as obtained from Eqs (24), (25) and (26) for δ b ≫ 1, which is applicable to δ b ≃ 3 (Fig. 5) . The relative magnitude of synchrotron intensity fluctuations expected under detailed equipartition follows from Eq. (24) as
Equation (25) yields, for δn = 0.5,
and Eq. (26) leads to N 1/2 δI ≈ 1.0 (ncr = const).
As might be expected, detailed equipartition between cosmic rays and magnetic fields leads to the strongest synchrotron intensity fluctuations for a given δ b and N . For illustration, with the correlation length of the synchrotron intensity fluctuations lε = 50 pc and the path length L = 1 kpc, we obtain N = L/2lε ≃ 10 for a beam narrower than the size of the correlation cell. We note that the dependence of √ N δI on δ b is quite weak as long as δ 2 b 3 which is usually the case for spiral galaxies (see Section 2). The difference in the level of synchrotron fluctuations in these limiting cases is strong enough to be observable under certain conditions clarified in Section 6.
A MODEL OF A PARTIALLY ORDERED MAGNETIC FIELD
To verify, strengthen and refine the analytical calculations presented above, we implement numerically the model of magnetic field and cosmic rays described in Section 4.2. For this purpose, we introduce in this section a multi-scale magnetic field with prescribed spectral properties and the corresponding cosmic-ray distribution using Eq. (23). The phases and directions of individual modes in the magnetic field spectrum can be chosen at random without affecting the magnetic field correlation scale, the value of δB and the energy spectrum. We use this freedom to generate a large number of statistically independent realizations of the magnetic field and cosmic-ray distributions to compute the resulting values of δI and compare them with the analytical results.
To prescribe a quasi-random magnetic field b with vanishing mean value in a periodic box, we use a Fourier expansion in modes with randomly chosen directions of wave vectors k, but with amplitudes adjusted to reproduce any desired energy spectrum:
whereb is the Fourier transform of b; the physical field is represented by the real part of this complex vector. The corresponding magnetic energy spectrum is given by
where the integral is taken over the spherical surface of a radius k in k-space. In the isotropic case, M (k) = 4πk 2 |b(k)| 2 . In order to ensure periodicity within a computational box of size L, as required for the discrete Fourier transformation, the components of the wave vectors are restricted to be integer multiples of 2π/L.
A solenoidal vector field b, i.e., that having k ·b(k) = 0, is specified byb
where X is a complex vector chosen at random, to ensure that the Fourier modes have random phases. We consider a magnetic energy spectrum represented by two power-law ranges,
with s0 > 0 and s1 > 0, where k0 is the energy-range wavenumber. We use s1 = 5/3 as in Kolmogorov's spectrum and s0 = 2 (see Christensson et al. 2001) . The standard deviation of the magnetic field is given by
for s1 > 1. The correlation length l b of the resulting magnetic field (analogous to the radius of a correlation cell) differs from its dominant half-wavelength 1 2 λ0 = π/k0 for any finite values of s0 and s1 (Monin & Yaglom 1975) :
where the last equality follows for s0 = 2 and s1 = 5/3. For the Milky Way, suitable values are l b = 50 pc and σ b ≃ 5-10 µG (see Sections 2 and 8).
The resulting solenoidal vector field is then added to a uniform component B0 to produce a partially ordered magnetic field with controlled fluctuation level δ b and energy spectrum M (k). This approach has been used to generate synthetic polarization maps of the turbulent ISM by Stepanov et al. (2008) ; Volegova & Stepanov (2010) ; Arshakian et al. (2011); Moss et al. (2012) . Similar constructions were used by Giacalone & Jokipii (1999) and Casse et al. (2002) in their modelling of cosmic ray propagation in random magnetic fields, by Malik & Vassilicos (1999) for modelling turbulent flows, and by Wilkin et al. (2007) to study dynamo action in chaotic flows.
We will now verify, by direct calculation, that C(B 2 , ncr) ≈ C. The reason for the approximate equality is first explained.
A shortcoming of the analytical cosmic ray model defined by Eqs. (16) and (19) is that ncr can be negative at some positions (especially when C < 0 and hence α < 0) because, at some positions and in some realizations, B 2 can be arbitrarily large (as a Gaussian random variable squared). This deficiency could be corrected by selecting a more realistic probability distribution for b (e.g., a truncated Gaussian) but we do not feel that this would lead to any additional insight. In the numerical calculations described below, we truncate the negative values of ncr by replacing them with zero. This, however, makes it impossible to achieve exact anticorrelation between cosmic rays and magnetic fields, so that C(B 2 , ncr) > −1.
In analytical calculations, we restrict ourselves to the cases with δn < 1 to reduce the extent of the problem (even if not to resolve it completely). For example, Eqs. (A2) and (A3) yield for δ b → ∞ (note that δI is constant with respect to δ b for δ b 3 (Fig. 5) ) δI = 9 + 6δn 11C 2 δn + 3 √ 6C + 3δn
This dependence of δI on the cross-correlation coefficient C is shown with thicker curves in Fig. 6 for various values of the relative fluctuations in cosmic rays, δn. Thinner curves show similar results obtained from a numerical calculation where ncr > 0 is enforced. It is clear from Fig. 6 that these analytical results are accurate for C > 0. However, for C < 0, analytic results are useful only if the fluctuations in the cosmic ray number density are relatively weak: C −0.1 for δn < 0.8, C −0.5 for δn < 0.4, and almost any value of C for δn < 0.2. We only use these analytical results for illustrative purposes, whereas all our conclusions are based on numerical results where ncr > 0 at all positions. Nevertheless, the analytic results presented here and in Appendix A, however unwieldly, are simpler to use than constructing a numerical model and are accurate for δn small enough (say, δn 0.4) and C large enough (say, C −0.5) -see Fig. 6 .
RESULTS
Synthetic radio maps
Each component of the magnetic field described by Eq. (28) is the sum of a large number of independent contributions from different wave numbers. By virtue of the central limit theorem, each component of the resulting magnetic field is well approximated by a Gaussian random variable. Then the mean synchrotron intensity and its standard deviation over N correlation cells can be expressed, using Eq. (10), in terms of B0, σ b , δn and C. Explicit analytic expressions for I0 and σI can be found in Appendix A, and we illustrate these results in Fig. 6 . As might be expected, the relative level of the synchrotron intensity fluctuations increases with the cross-correlation coefficient between B 2 and ncr. Since analytical results are of limited relevance for C < 0, we performed numerical calculations of the synchrotron intensity where the cosmic-ray number density is truncated to be non- 
the relative level of cosmic-ray number density fluctuations δn = σn/n0, (iii) the cross-correlation coefficient between magnetic field and cosmic rays C, and (iv) the dominant energy wave number of the turbulent magnetic field k0.
We do not vary the spectral index of magnetic field and cosmic rays as these parameters are of secondary importance in this context.
The value of k0 controls the correlation lengths of magnetic field (Eq. (32)), cosmic rays and synchrotron emissivity, and hence the number of the correlation cells of synchrotron intensity fluctuations in the telescope beam N , which in turn affects the magnitude of synchrotron intensity fluctuation as δI ∝ N −1/2 . Since N can vary widely between different lines of sight in the Milky Way and between galaxies with different inclination angles, we present our results in terms of N 1/2 δI for both the observations and the model.
A relation between the correlation lengths of the synchrotron emissivity and magnetic field
In the case of an infinitely narrow beam, the number of synchrotron correlation cells traversed by the emission is just the ratio N = L/(2lε), where L is the path length through the synchrotron source and lε is the correlation length of the fluctuations in the synchrotron emissivity. For a finite beam width W , this is the number of correlation cells within the beam cylinder, N ≃ (3/16)LW 2 /l servations. Here, we shall derive an expression for lε in terms of l b , which will allow us also to estimate N . To illustrate the difficulties arising, consider the autocorrelation function of b 2 ⊥ as an example. If V (x) is a stationary Gaussian random function, with vanishing mean value and the autocorrelation function Kv(r) = V (x)V (x + r), the autocorrelation function of V 2 (x) is given by K v 2 (x) = 2[Kv(r)] 2 (see e.g. §13 in Sveshnikov 1966) . Assuming that each Cartesian vector component bi of the random magnetic field b is a Gaussian random variable, with the autocorrelation function
. Assuming statistical isotropy of b, K bx (r) = K by (r), and neglecting any cross-correlations between bx and by, we obtain the autocorrelation function of b 2 ⊥ :
The relation between the correlation scales of bi and b 2 ⊥ , denoted l b i and l b 2 ⊥ , respectively, depends on the form of the autocorrelation function of magnetic field: for
There is no universal relation between the correlation scales of even these simply connected variables. Such a relation should be established in each specific case from the statistical properties of each physical component of the system.
Since the power spectrum is a Fourier transform of the correlation function, these arguments also apply to the power spectra of bi and ǫ.
We calculate the correlation length lε of the synchrotron emissivity ε ∝ ncrB 2 ⊥ in the synthetic radio maps from its autocorrelation function Kε(r), for various values of the cross-correlation coefficients C, B0 and n0:
where L is the path length and σε is the standard deviation of the synchrotron emissivity (assuming L ≫ lε to minimize the impact of statistical fluctuations). The resulting dependence of lε on the correlation length of the magnetic field l b , obtained in Eq. (32) for the spectrum given by Eq. (30), can be approximated as
where the numerical factor G depends on the model parameters and the cross-correlation coefficient C. The contours of G in the (δn, C)-plane are shown in Fig. 7 ; G = 9-10 are representative values for δ b > 2-3, independent of the exact choice for δn provided δn 1. The resulting values of N = L/(2lε) are used below to compare the synchrotron intensity fluctuations obtained from observations in Section 3 with the model of Section 5.
Correlation between cosmic rays and magnetic fields
The relative intensity of synchrotron intensity fluctuations is sensitive to the number N of correlation cells of synchrotron emissivity within the beam (or along the line of sight in case of a pencil beam). When comparing the theoretical model with observations, we adopt L = 1 kpc for the pathlength in the Milky Way, l b i = 50 pc for the correlation length of magnetic field, δ b = 3 (the asymptotic limit δ b ≫ 1 is quite accurate in this case), and explore the range −1 C 1 for the cross-correlation coefficient between cosmicray and magnetic fluctuations. For l b /L = 0.05 and G ≈ 9 (see 9, implying C −0.6 for the highest δI √ N . Thus, δn < 0.5 seems to be justified, unless N is significantly larger than 10 or, otherwise, δ b < 1 (which is highly implausible). Since the estimate δI = 0.1-0.2 has been obtained for high Galactic latitudes, the path length is unlikely to be much longer than 1 kpc, and the correlation length of the synchrotron intensity fluctuations can hardly be much shorter than about 50 pc. Thus, excluding the case of simultaneously large L and small lε, we conclude that the distribution of cosmic ray electrons is unlikely to have any significant variations at scales of order 50-100 pc.
The lower panel in Fig. 8 , where a range of values of δn are used with δ for N = 10-20 can be compatible with the presence of fluctuations in cosmic ray density mildly anticorrelated with those in magnetic field. It is difficult to be precise here, but δn < 0.2 and C < −0.5 seems to be an acceptable combination of parameters.
PROPAGATION OF COSMIC RAYS AND EQUIPARTITION WITH MAGNETIC FIELDS
To illustrate the relation between cosmic rays and magnetic fields, consider a simple model of cosmic ray propagation near a magnetic flux tube. The number density of cosmic rays ncr (or their energy density ǫcr) is assumed to obey the diffusion equation with the source Q and diffusivity D terms depending on the magnetic field (Parker 1969; Kuznetsov & Ptuskin 1983; Schlickeiser & Lerche 1985) . Consider the steady state of a one-dimensional system with Q = const. The magnetic field is assumed to have a statistically uniform fluctuating component, b 2 = σ 2 b = const, whereas the mean field is confined to a Gaussian slab of half-thickness L symmetric with respect to x = 0: 
The total number (and energy) of cosmic rays remains finite despite the uniform distribution of their sources, Q = const, because D → ∞ as |x| → ∞ in this illustrative model. This simple solution shows that, near a magnetic flux tube in a statistically homogeneous random magnetic field, cosmic rays concentrate where the total magnetic field is stronger because their diffusivity is smaller there. In this example, the spatial distributions of cosmic rays and magnetic field are tightly correlated.
Another type of argument relating cosmic ray energy density to parameters of the interstellar medium was suggested by Padoan & Scalo (2005) . If both the magnetic flux and the cosmic ray flux are conserved, BS = const and ncrU S = const (where B is the magnetic field strength and S is the area within a fluid contour, and U is the cosmic ray streaming velocity), one obtains ncrU/B = const, which yields ncr ∝ n 1/2 , given that U = VA ∝ Bn −1/2 , with n the gas number density and VA the Alfvén speed. Thus, the cosmic ray density is independent of the magnetic field strength, and scales with the thermal gas density. This result relies on the fact that the streaming velocity of the cosmic rays is proportional to the Alfvén speed. If, instead, U = V , with V the gas speed, we obtain ncr ∝ B from these arguments. No clear scaling of the cosmic rays energy density ǫcr with the magnetic field was observed in the simulations of Snodin et al. (2006) who use the gas velocity for U . There is indication that the average propagation length of CREs depends on the degree of field ordering and hence varies between galaxies (Tabatabaei et al. 2013 ).
Assumption of a detailed, point-wise (local) equipartition between cosmic rays and magnetic fields is dubious also because these two quantities have vastly different diffusivities, and therefore cannot be similarly distributed in space. Magnetic filaments and sheets produced by the small-scale dynamo in the diffuse warm gas can have scales as small as a few parsecs (Shukurov 2007) , and the strength of this turbulent magnetic field can be about 5 µG. The large-scale magnetic field varies over scales of order 1 kpc, consistent with the turbulent diffusivity of 10 26 cm 2 s −1 and time scale 5 × 10 8 yr. The diffusive length scale of cosmic rays, based on the diffusivity of D ≃ 10 28 cm 2 s −1 and the confinement time in the disc, τ ≃ 10 7 yr, is about (2Dτ ) 1/2 ≃ 1 kpc, similar to the length scale of the large-scale magnetic field. On these grounds, it is not impossible that the energy densities of cosmic rays and the largescale magnetic field vary at similar scales, but this would be very implausible for the total magnetic field. Then equipartition arguments may be better applicable to observations of external galaxies, where the linear resolution is not better than a few hundred parsecs, than to the case of the Milky Way.
DISCUSSION
The general picture emerging from our results is that cosmic rays and magnetic fields are slightly anticorrelated at the relatively small, sub-kiloparsec scales explored here (ncr = const is also a viable possibility). Such an anticorrelation can result from statistical pressure equilibrium (i.e. a statistically constant total pressure) in the ISM, where cosmic rays and magnetic fields make similar contributions to the total pressure. An additional effect leading to an anticorrelation is the increase in the synchrotron losses of relativistic electrons in stronger magnetic field.
Strictly speaking, this conclusion applies to regions for which we have analysed the data: high Galactic latitudes in the Milky Way and the outer parts of M33. However, it is likely that this result reflects general features of cosmic ray propagation.
Local energy equipartition (or pressure equality) between cosmic rays and magnetic field would produce stronger fluctuations of synchrotron intensity than those observed. However, equipartition between cosmic rays and magnetic field cannot be excluded at larger scales of order 1 kpc and greater. Hoernes et al. (1998) indirectly make a similar conclusion concerning loss of equipartition at small scales from their analysis of the radio-far-infrared correlation in M31.
Since magnetic fields and cosmic rays have vastly different diffusivities, and therefore, must vary at very different scales, any strong correlation between them can hardly be expected at scales smaller than 1 kpc. Correlated (or rather anticorrelated) fluctuations can, however, arise from such secondary processes as the adjustment to pressure equilibrium, etc.
Our arguments and conclusions are based on observations and modelling of synchrotron emission, a tracer of the electron component of cosmic rays. Thus, our conclusions strictly apply only to the cosmic ray electrons. However, the only significant difference between the behaviour of electrons and protons in this context is that the former experience higher energy losses due to synchrotron emission and inverse Compton scattering off the relic microwave photons. The energy loss time scale ≃ 4 × 10 8 yr(E/1 GeV)
in a magnetic field of 5 µG in strength, for particles emitting at wavelengths larger than 1 cm, is much longer than the confinement time 10 7 yr, so the energy losses are negligible unless the local magnetic field is unusually strong. Therefore, we extend our con-clusions derived from analysis of synchrotron intensity fluctuations to cosmic rays as a whole. Moreover, energy losses can only make the distribution of the electrons more inhomogeneous than that of the protons, so that our conclusions are robust with respect to this caveat.
Our model, data and their analysis arguably match each other in the level of detail. We do not include any latitudinal variation of the path length L and the variation of the angular size of the turbulent cells, l0/L with Galactic latitude in the Milky Way. Instead, we restrict our analysis to the range |b| > 30
• within which both l0/L and L vary by a factor of two. The important parameter, the square root of the number of turbulent cells along the path length, N 1/2 ≃ (L/2l0) 1/2 then varies by a factor of about 1.5. Since there are other parameters varying with galactic latitude (e.g., the magnitudes of the random and regular magnetic fields, cosmic-ray intensity, etc.), including the dependence of the path length and the correlation scale into the model would make it significantly more complicated, if possible at all. Therefore, we prefer, instead, to present our results in the form of plausible ranges that allow for the numerous effects that remain beyond the framework of the model.
To simplify analytical calculations, we have adopted s = −1 for the synchrotron spectrum, so that the synchrotron emissivity ε is proportional to B ⊥ , differ insignificantly from those with s = −1. Our model includes magnetic field and cosmic ray distributions represented by a wide range of scales, with the magnetic energy spectrum given by Eq. (30). However, the spectral index of magnetic fluctuations only appears in the expressions for the r.m.s. magnetic field fluctuations, Eq. (31), and the magnetic correlation length, Eq. (32), through which it affects the number of correlation cells N . Otherwise, the standard deviation of the synchrotron intensity is not sensitive to the magnetic spectrum.
We have adopted l0 = 50-100 pc for the correlation scale of the random magnetic field. Estimates of the turbulent scales in the magnetoionic medium of the Milky Way are numerous and divergent. Ruzmaikin & Sokoloff (1977) discuss in detail techniques for estimating turbulent scales from pulsar RM data and obtain l0 = 100-150 pc without any restrictive assumptions regarding the correlation between the fluctuations in magnetic field and thermals electrons. Rand & Kulkarni (1989) estimate the size of a turbulent cells as 2l0 = 55 pc (using our notation) from the Faraday rotation measures of pulsars. In fact, their result refers to the size of the correlation cell of RM fluctuations and these authors do not discuss how it is related to the correlation scale of magnetic field; this relation depends on the degree of (anti) correlation between the fluctuation in magnetic field and thermal electron density (Beck et al. 2003) . Ohno & Shibata (1993) estimate the scale of magnetic field fluctuations from the RM of close pairs of pulsars to obtain 2l0 = 10-100 pc. Their model includes fluctuations in thermal electron density but they are, presumably, considered to be uncorrelated with magnetic field fluctuations; this assumption can significantly affect the result. Haverkorn et al. (2008) obtain the integral (correlation) scale from RM and depolarization of extragalactic radio sources; their sample probes the inner Galaxy avoiding its central part. These authors obtain l0 = 1-5 pc from the Faraday rotation measures and l0 = 3.5-8.7 pc from depolarization. The authors attribute the difference from other estimates of the outer scale to a correspondingly smaller energy input scale of interstellar turbulence of a few parsecs. Perhaps more plausibly, the fluctuations in RM, depolarization or any other parameter can have a hierarchy of characteristic scales due, say, to interstellar shocks, intermittent small-scale magnetic filaments, etc., and different methods can be sensitive to only some of them. Fletcher et al. (2011) deduce the correlation scale of RM fluctuations from highresolution observations of M51 by comparing the scatter in the values of RM observed under various degrees of spatial smoothing and assuming that the standard deviation of RM scales as l 1/2 0 as predicted by theory (e.g., Sokoloff et al. 1998) . The resulting scale of RM fluctuations is lRM = 50 pc. Houde et al. (2013) analysed the dispersion of synchrotron polarisation angles in high-resolution observations of M51 to estimate l0 = 98 ± 5 pc and l0 = 54 ± 3 pc parallel and perpendicular to the local mean-field direction respectively.
We discuss the relation between the correlation lengths of synchrotron intensity and magnetic field in Section 6.2; this discussion and conclusions apply to other observables as well. It is important that there is no universal relation between the correlation lengths of, say, B 2 ⊥ and B: to establish such a relation, one has to know the auto-correlation functions of B ⊥ and B . In addition, such observables as Faraday rotation measure, total or polarized radio intensity involve not only magnetic field but also number densities of thermal or relativistic electrons. The cross-correlation between these variables and magnetic field are also required to deduce the statistical properties of magnetic field. The comprehensive statistical analysis is recently suggested by Lazarian & Pogosyan (2012) . However the theoretical predictions discussed there is hardly possible to compare with available observational data. Only the simplest statistical characteristics give robust results.
Our results can significantly change the interpretation of highresolution radio observations of the Milky Way and spiral galaxies. Present interpretations, aimed at estimating the strength and geometry of interstellar magnetic fields, rely heavily on the assumption of local equipartition between cosmic rays and magnetic fields, at a scale corresponding to the resolution of the observations. This assumption is acceptable if the resolution is not finer than the diffusion length of the cosmic rays, about say, 1 kpc. However, this assumption is questionable when applied to observations at higher resolution. We suggest a different procedure to interpret such observations. The original total intensity radio maps should first be smoothed to the scale of the cosmic ray distribution, 1 kpc, where the equipartition assumption may apply, and the distribution of cosmic rays can be deduced from the smoothed data. (The smoothing length may depend on the local environment e.g. star formation rate, magnetic field etc. -this requires further investigation using suitable cosmic ray propagation models.) After that, this distribution of cosmic rays can be used to deduce the magnetic field distribution from the data at the original resolution. Since a larger part of the synchrotron intensity fluctuations observed will be attributed to magnetic fields, it is clear that this procedure will result in a more inhomogeneous magnetic field than that arising from the assumption of local equipartition so often used now. tion under Grant NSF PHY05-51164. RS acknowledges support from the grant YD-520.2013.2 of the Council of the President of the Russian Federation. Numerical simulations were partially performed on the supercomputer "URAN" of Institute of Mathematics and Mechanics UrB RAS.
APPENDIX A: THE MEAN AND STANDARD DEVIATION OF THE SYNCHROTRON INTENSITY
Here we derive analytical expressions for magnitude of relative synchrotron intensity fluctuations δI = σI /I0, with σI the standard deviation of the synchrotron intensity I and I0, its mean value. Relations between the statistical characteristics of synchrotron intensity and synchrotron emissivity ε = ncrB 2 ⊥ are given by Eqs. (12) and (14). Here we calculate ε and σ 2 ε = ε 2 − ε 2 using the cosmic ray model, partially correlated with magnetic fields, introduced in Section 4.2. Here overbar denotes ensemble averaging. The calculations are quite straightforward although somewhat cumbersome.
We start with calculating ε using ncr from Eq. (23):
The last term vanishes since F and B As each Cartesian vectorial component of the random magnetic field b is assumed to be a Gaussian random variable with zero mean value, bi = 0, we have, for the higher statistical moments,
where i = x, y, z. This allows us to calculate the higher-order moments that contribute to ε and ε 2 as follows: The algebra involved in deriving these relations is rather daunting; we used symbolic algebra software to derive these relations. We finally have from Eqs. (12), (14) and (23) 
